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Trigonomatric Jdentities Useful In Synchro Analysis

Prepared by

Ge He Wolss
Blectrical Bvaluation Division

ADOIRAVII MALY Of We ispoGmiwos 4u & oyaonro are funsiions of
angle, An analysis of synchros will therefore involves trigonametris
rohtim;iuch usually simplify greatly becauss of ths =ymmetries
involved. This report containg tabulated the most useful of these
identities as welli as derivations and suggestions for dsrivations.

U. S. RAVAL CRDNANCE LABORATORI
WHITE OAK, MARYLAND
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The lirnsar theory of sync.ro analysis is being investigated undsr e
suthorization of Task NOL=Rela=78«1-523 Fire Control Transmitting and
Camputing Components, fThe analysis, thus far |resented in other
papere of this series, involves many ‘migonmmatris welations which
under sultabls ranipulations assume convenient form. It is the
intent of this report to dsrive and tabulate ths mont useful ¢f the
idantities whish oscur in synchro analysis,

The »alations presented herein will find use not only in the form of
analysis adoptad in this sariaa of paporis, but in any ype of

theoretical work relating to synchros,

Edward L, Woodyard
Capiain, USN
Commgndes
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LINEAR TIMPED PARAMETER ANALYSIS OF SYNCHRGS VI
Trigonometric Identities Useful in Symchros Analysis
A. TRTRODUCTICN

i, Becauss of the 120° symet.rr ;revailing in synchros, many
trigononetyis expressions arising from their anslysis reduce to a
ralatively simple form, although in original appearance they mey be
ponderous and camplicated. It is the purpose of this report to
tabulete the more frequantly encountered identities and to indicate
methods of meripulation that are partisularly useful in deriving
thee, The puint of view adopted is to make the compllstion a
prastical ona « 1.e., to includs those forms thet arise in practice,
80 that by reference to these tables the identities can be used
without requiring rederivation each tims. For coapletensss suse
elamsntary formulas sre also includad, Prebably the best way to
take advantage of this report is first to make a hasty swuvey to
become asquainted with its contents,

Bs NOTATI(N
2. To bogin with we introduce the following notation:

e‘w:ooae-rjsino
¢ =e+1200° (1)

6 =806 -120°

This process of using bars will apply to Gresk letters O, #, « « .
O'n-]\';’o

3. We defins an operator T"to be given by

g( ,02....0 ) = g(°.,° n.co°n> 4+ g(‘giggzj...gn) (2)

L]

+ g(&i’az, . ...G.n)

p ' (]
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where in all cases, the bars ara considered to operate on each of ’
the variablas Ok‘ For axample
[ 8in0 = 81n0 + slig + eind
[ sin2 = sin2f + ain2f + sin2f
[" §ind sin2f = sind sin2f + sirg sin?d + 5ind sindf .

It is evident, by the last “wo examples, that when a functiom of no
is involved, the proper use of bars is n@ and n®, since bars are only
applied to Oreek letters.

We will also deal with functions of the type

Alg(ol’az“ d °) + AQQ(Q]_’QZDO . ') + A33(51,52,. ) o)’

where Al, Apy A3 are consdtants, not necessarily equal. Here we will
use a similar notation

Flmg(%,aazs' o o) =A18(01900s 0+ o) + M2R(R1,8050 + o) (3)

+A38(61)%’0 ° o) .’
In other words, if [ operates on a function which explieitly
exhiblts a constant as a coefficient, it implies that in ths expansion

each of the terms includes coofficients which are not necessarily
equal, A7 exsmple is

r' A 3100 cos2f m A,8ind cos2P + A,sing nos2d + A3sin5 cos2f
Js DERIVATIONS

s The first expressions, which sre cornerstones for the
derivation of all succeeding formulae are

, ] (n # 3k)
r-' gin ng = .
3s8an8 (n = 3k,
0 (n £ 3k)
P cos n@ =
3 gos nd (n = 3k) .




D S\ R IR

MAVORD Aeport 23L6

Thess are derived with the aid of (1) in the following mamer:

Fcosn9=Re(r‘eJne)

rqsinn9=m(ro‘1n°)

~~
~
Vg *

vhers .
Re (A) = real part ci A
Im (A) = imaginary part of A

r" G18 _ 3ne  _m(@e2my3) o 4n(d 27/3)

=

: 8 4oy Y
- edng (1+o'd"“'/3 N Qwuﬁ’xl,/))

= ejﬁg (L+2cos2mn/3)

0 (n # 3k)

“lae (n = 3K)
Therefore, from (L)
0

l)r'cosn0= (n £ 3)

3 cos nd (n = 3k)

2)["1nu9 { o (n # 3Kk)

8in i@ =

13 sin nd (n=3k)

. S+ In all work relating to the produsct of trigenametrie
functions, it is helpful i itransform the products to sums by means
of ths following identitiess

3/ 8in 0 sin g = (1/2)cos(¢ = @) = (1/2)cos(® + )
L) eos8 G cos B = (1/2)cos(® ~ B) + (1/2)co3(Q + &)
5) sin @ cos P = (i/2)8in(@ - @) + (3/2)sin(¢ + B)

o T ——— T R i S 5 Pl A T T TR T ¥ e T iy T T S R e 1T L S S el e T Therhed




NAVORD Report 236

For example, substituting O = @ in 3) and ) yields

3a) 1in®6 = (1/2)(1 = cos 20)
La) coaze = (1/2){1 + coc# 20) |,

6¢ A Bet of identities whioh constantly racur in synchro
analysis consists of the followings

/2
6)"‘;1:1253 - 32 (n # 33)
3 ainng (n = 3k)
s | 3/ (n k 3k)
G (=]

7)r o7 24'[3 0ca’ne (n = 3k)
: { 0 (n # 3k)

B)Fsin ne cos N0 =

2 5in nd cos nd (n = 3k) ,

These are easily derived using 3a) and La). For exampls,

r cos®nd = [ | (1/2)(1 + cos 2n0)
= "'"(1/2)-0' (3/2) rcoe 2ne
a/2 (n s 3k)
) {3co¢236 (n m3k) .,

T7¢ Two identities which prove t0 be very useful are

9) s8in n(® + 240°) = ain n(® « 120°)

10) oov al(® + 2L0%) = os3 al(d = 1209 |
These are simple consequences of the fact that adding 30%erany intogral
multiple of 360° to the argument of & trigoncmetric function dees not
change the value of the funstion, Thus
sin n(® = 120°) = sin n(6 « 120° + 360°) = sin n(L ¢ 2409}

a3 stated,

o T Yt 25T . e ——————— S — T — " . " PR—— ¥ T AR S R T T nc — - i il -
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Fram §) and 10) {1 follows that

ll)rsir 3uf cos ¥ = {
3sin 3nG cos =P

12 [+ =
)rloos 3n6 cos g {Bcos 370 008 8

3sin 300 sin my

13) [ sin 306 sin ng ={
r 0

1) [(eos 36 sin »g =§3m 10 o o

since 3n8 = n(30 + 360°)

(m £ 3K)
(m = 3k)
(m £ 3k)
(m = 3k)
(m § 3k)
(m = 3k)
(m # 3k)
(m = 3k)

3@ = n(30 ~ 3609) ,

8+ Up til11 now we have been considering the operator r'u

defined in (2). The study of unbalanced synchros requiras the

operator [ as defined in (3)s For example,

'"' Anc08 nO = Aycod 1O + Apcos n@ + Ageos a8

r Apsin nO = Ay8in 10 + Ayein n@ + Agsin n8

where tha A's are coustants,

When A1=Ae=a\3 these expreasions simplify through the use of 1) and 2).
For Yhe case where they are not equal, wa make use of the focllowing

notation:
22 4
nTe
AB =A1 +5

A =A1

(5) |
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Than, for exsmple, the second form of (5) is simply
rknein e =Af sinnd+ Asin e + A sin nd

which, bty expanding n® and 9, can be written as

Ar'ain ne + QEin no cos n(120°) « cos n¢ sin n(LZO‘ﬂ
(6)

+ & [ain no zos n(120°) + cos nd ain n(120°2
We nov define the follewing notations

= {(1/2)a+ &)

B= 2a-5.
when substituted into (6) this gives
(34 + 2Y) sin 1o (n = 3k)
23) r}‘ain no = Q{oin e - 3 Qoos no (n = 3Kk+1)
- Q(#in n°+ﬁ@coa nd {n = 3ks2),
Similerly we have
(34 + 2Q) cos nd v (n = 3k)
2u) rggpoe nd =(~ O co3 n -ﬁ(glin nd n = %k+l)
Y cos n°+f3(33:|.nn0 (n = 3k42),
It will be noticed that the equations 23) and 2L) are linesr
qombinations of sin n® and cos n@, Thesp combinations gan be put
into the handy form of C [sin (20 = §)jwhers ¢ and  are
constanvi. Let
AsinnG 4+ 3cosn@ =20 gin (n8 -"})
= C [ain ne eess] -C singoaa né].
Equating the coefficiantas of sin n6 and cos nd we find

4 =B Ccoss
’
B =« sin é.

D v pyavy e e e e




HAVORD Report 23L6

Consequently § is found from
tann © = <B/A
and ¢ is given oy

Eramry
c=y A +p"

9+ An important special case of the idsntities treated in
paragraph 8 is that of

B = Ajsin 20 + A,8in 29 + A,sin 28 (1)
which is equivalent to

2 =B sin (29-%) \ (3)
Evpanding (7) wo shtain
P = (1/2)(2 Ay-tp-hgdetn 26 + (V3/2)(Ay=pq)com 26 . (9)

Equating (8) and (9) we find

tan® = (v's’)(Aa - AB‘;/(zAl - By = Ay)

= 2 2 2
B "\/‘:1+A2*A3 = A1hy - Ahg - A2As

10,  The next set of identities we treat,which pertain especially
t0 unbalanced synchros, are of the form

Aj8in n® cos © + Azsin nP cos O + Azsin nd cos &
or
47208 n@ cos 20 + Aycos nQ cos 29 + Aqcos n@ cos 20

and other similar eombinations which interchange sin and cos. The
A's are constants,

1. When ﬁj = A2 = AS thess exprassicns oan he evaluated by the

use of Table L. When this econdition does not holda we expand the
expressions and combine the resulting terms.

¥

o 5 M & e e i s i i s TV S vy
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Thas
Ay5in nd cos © + Apsin ng cos 9+A30:Lnnﬁeoa g8
= A[6in 50 0os 0 + O8in 10 ¢os O + & ain nT cos B
= Ar'ain ne cos 0 + (& /2)[;:!:3(:1-1)@ + sin(ml)ﬂ
+@ /2)[11a(n-2)8 + stn(ns2)3]
= A r‘lin n0 aos O + o{gin(n=1)0 cos(n.l))\2C° + (}cu(n-l)o sin(n.l)120°
+ X #in(n+1)8 cos (n+1)120° +(} cos(n+1)0 sin(nel)i20°, (10)

A camplete list of such expressions is tabulated in Tabies V and VI.

Do TABLES AN) FORMULAE

12, The importart Llentitios can Ve presented in talular fewm.
Tahle I is a summary of the relations previously derived, as well as
certain other relations which follow by similar processes. Tables II,
IIT,and IV present the results of spplying the operater ['as defined
ia (2) on specific trigonametric functions which arise in the analysis
of balamsed synchros. Tables V and VI apply to the operator | 'when
defined as in (3) and are particularly useful for the analysis of
unbalanced synechrcs.

13, A few exanples will now be given in order to familiarixe
the resder with the use of the tavles,

Example 1. Find [Teos ¢ cos # .
Look in Tabls II in +he first row and colum and find

r‘oonces§=(3/2)c&s(°-¢).
Exanple 2. Find cos O cos  + cos O com B+ cos Dcos § |
Substituts § = £ in sxemple 1 to find
rooa_Ocoagn(Bk) ecs (0-?_):(3/2) cos (0=8)
Exanpie 3, Find ['sin 26 sin® §
Tn Table III, with f = 0, we £ind ['sin 26 atn® =0
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Example L, Find the valus of
cos @ sos @ cos 20 + cos @ cos O cos 26 + cce O cos O cos 29 .

From 15), with O substituted for §, we see that this expression
is equal to 3/h.

Example 5. Find [ sin 70 si» 20,
With n = 2, we £ind from Table IV that [ sin 70 sin 20 =-(3/2)cos 99.
Bxsmple 6, Find sin O sin 0+ 3 sin L@ sin ¢ + 4 ain L0 #dn O = p,
Froe the given axpression, we find A=2, A= i. Therefore
< =3, (3= -1, Frox Table Va, noting that n = s 4is of the form
n = 3AYl, ve £ind
p = (3/2) cos (n+l) 9 + (V3/2) sin (n+l) & + (9/2) oca (nal) &

(3/2) cos 59 + (¥3/2) sin 50 + (9/2) cos 36 «
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TAHLE I

1ist of Formulae

0 LY
l)Foos ne = (n # 3k)
3 cos ré (n = 3k)

0
2) [ ein no a; (n # %)
3 8in nd (a = 3k)

\

3) 8in O gin p = (1/2) cos
L) wos © cos B = (1/2) cos

~\ - - P
57 oos © &im g = {1/2) sia

2

(6 = &) = (1/2) co8 (0 + @)
(0 = &) + (1/2) cos (o + @)

tal AN . I lAN g I . AN
WS ey \We) Sl \e T p)

3a) s8in® © = (1/2) (1 - cos 2¢)

ha) ocos® @ = (1/2) (1 + cos 28)

2
6) r's:an nd =L 3/2 (n £ 3k)
sin™ n® (n = 3k)
3/2 (n # 3k)
7) [eos? n0af
3 ¢cos nd (n = 3k)
( 0 k
8) s:l.nnOcc»snO:t3 (n £ 36)
sin r@ co¢ nd (n = 3k)
9) sin n(® + 240°) = gin n(@ - 120°)
10) cos n(6 + 2L0°) = cos a(Q -~ 120°)
( 0 (m # 3k
ll)r'sinjnécosnﬁzx , (m # 3k)
sin 300 cos mf (m = 3k)
0
12) r'cos In® coy m@ = (m £ 3k)
cos 3nd cos mg (m = 3k)

10




15)

16)

(B
-3
~

18)

el ol
- e
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™ {3 0 (m £ 3k)

13) | sin 300 sin wp =
sin 3029 sin md (m = 3k)
0 (m # 3k)

) r?m 3n6 #in ng =
3 cos MO sin =@ (= = 3k)

cos © cos © cos 2f + s08 @ 308 § cos 2§ + cos O con § cos 28

= (3/L)ccs2(6 - #)

sinOaichoa23+sianin5coa2¢+sin°sinacoszﬂ

==(3/L)oos2(8 ~ &)

ad Qg & edn B ain g ain 2% i nma G pna X ain 28
1 20 v oges 2 ooz B oedn 20

= (3/L)8in2(0 « #)

iz 2 2in ¢

"o

cos © cos @ sin 28 + cos @ cos 8 =in 2¢ + cos O cos ¢ sin 2g

==(3/L)sin2(¢ - #)
19) sin 0 + sin # = 2 sin](1/2)(0 £ B)] cos \gi‘/z)(o z $))
20) co8 O + cos f =2 cos‘_(l/a)(o + #) cos \-_(1/2)(9 - ﬁ)]
21) ocos 9 = cos § ==2 sin[(1/2)(6 + $)) stn {2/2)(0 - ]

cos O ain O
22 = - e
; cos @ sin @ (\b-/)
(34 + 20() 8in né (n = 3k)

23)rxmssn 20 ={ - zin nd - \ﬁ“(acos nd (n = 3k+l)
\ =S(sin no + ﬁ-Gcoa ne (n = 3k+2)

(3A+2d\) cos né (n = 3k)
2L) ﬁmcos ne =\ - Ckcos ne - {—3‘(381.?1 ne (n = 3k+1)
- cos nd + {3 (3ein nd (n = 3k+2)

(see next page for definition of o, {2, 1)

11
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where
X = (1/2)(4+4)
(3 = w2e -4
i, =A +4Q
Ay mA+A
L =4
QS)FAmsin 26 = B sin (26 %)
B=fhy + Ay + A3 = Ak - AlA3 = Aok
tan § ={3(a, = 4;3)/(24; = 4y - Ag)
26)| cos 28 cos © cos A= (3/L) cos 2[@ - (&+N)/2])
27) [cos 28 cos © sin A= (3/L) sin 2[f ~ (&+rN)/2]
28) [ cos 28 sin 6 sin N==(3/) cos 2[B - (64 N)/2]
29|) scs 28 (cos @ cos Mk cos © cos )
+ cos 28 (cos ® cos A+ cos © cosN)
+ cos 2P (cos & coshv cos © cosN)
= (3/2)cos 2[p - (o+A)/2]
30) cos 2f (sin @ sinX+ sin @ sin\)
+ cos 2@ (sin © sinl+ sin & sin N\
+ cos 28 (sin @ sinA+ sia 8 sin )
= =(3/2)cos 2B~ (+A)/2]
31) cos 2 (sin @ cosh+ sin @ cos A)
+ cos 2¢ (sin @ cosX+ sin 8 cos N)

+ cou 2¢ (sin @ cosA+ sin @ cos )

= «(3/2)sin 2§ - CSY)

12

:llm__p




32)

33)

34)

35)
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cos § | sin § cos © | sin ©
cos (&-7)| sin (0=4)
cos @ | sin gl =|cos @ | sin @
N sin (6~f)] cos (0-f) = -
cos ﬂ sin ﬁ cos 8| sin 6
cos & | sin O — cos | sin §
cos (0=F)| -sin (0#)
cos € | sin @ =lcos § | sin g
= — |sin (O~f)| cos (O=f)
cos & {sin & cos B | sin f
-sin © | cos o} lcos @ [ sin @ |
011
-aSing OOS_Q:OOBQ sinEo' ‘,
-sin O | cos 3] sos & | 8in & =1l
let ¥ =0 -4 -~ /o, The
cos (& = &) | sin (S = @) wsine| cos ¥
=
-sin (¢ - @) cos(O-ﬁ)_] - cos O |- ginT

o)
1

——

—— D=
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EE T, [ £(8)a(o)

How to road Tables II and ITII.

The value in each box is r‘f(ﬁ) g(®) where £(%) and g(0)
e the headings of the rows and cclumns respectively to which the

box belongs.

For example, in Teble II,

Qos 2f cos @ = (3/2) cos (28 + ©)

f(ﬁ&(zh) cos & I (2/3) sin 0 | (2/3) cos 20| {2/3) sin 20{
cos # cos (0=f) | sin (6f) | cos (26+F) | sin (2048)
ein @ ein (0-F) | coc (8=8) | sin (20+f) | -cos (26+f)
cos 29 cos (28+9) | sin (2f4+R) | cos 2(9-8) | sin 2(0-%)
sin 24 “sin (28:9) l::-cos (2¢+0) | -ain 2(cf) | cos 2(0=4)

TARE TIZ. [ £(8)a(s)
g(9) 3 2
r(ﬁ)\\ (4/3)gin” o (L/3) cos® @ N
gin ¢ -sin (26+£) sin (26+8)
cos f -cos (20+#) cos (20+8)
gin 29 I sin 2(0-§) =gin 2(0%)
cos 28 egos 2(@=F) cos 2(9=-p)

—

o e e
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TRIE T, [ £(0)g(0)

g(9) - |

£(6) {2/3)ce= © |{2/2)8in @ [(2/3)cos 29/(2/3)sin 20(K = Ccnatant)
cos (Il)Q cos @ |=sin MO  eos 3(n+l) a3in 3(m1X 0
cos (3n+2)0|lsos 3(a+1X|sin 3(n+1)%| cos 3n0 | =sin 10 0

coé 3n6 0 0 0 0 K enz nA
sin (3n+1)Q}] 8in 300 | cos M0 jsin 3(n+l)Q =cos3(n+i)dd 0
sin (3n+2)0[lsin 3(+1)C | ~cos3 (+1)Y sin 3ne@ cos 3nd 0

sin 3n@ 0 0 0 0 3K sin 3ne

* Reprinted from Navord 1710, "Linear Lumpad Paramater Analysis of
Synchros I" br J. He Rosanbloom, p.28

How t0 ruawn Table IV.

Reud the sarce g8 TablssIT and III.

et L o e e a el e m——— S P T
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BIE Va)s [ Apg(ne} 2(s)

—

coe{n+l) G | sin(r+l) 0lcos(n=l) O{sin(nel) @
s e AL S

A, 008 nQ ovs O 1
r - -ia| -8 gl -ig [2'(3

n = 3+l _g-_c:( J::‘—O ol -2‘

w = 2¥292 d; Q'A —-J-'- “ -Ee
N o= Al ) " :

r‘Ana:LnnOsinO

1 E) i | O3

n = 3X 20 2(3 zg‘ 2<3
n = Ked ;:5“\ —&2'(_’3 23A+G( 0
- 3, 1a -3

n = 3K+2 R ° 2A 2q 2G

How to rsad ‘'abls Va.

883 Pags 20.
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TABLE Vb): |"’ A g(n6) £(0)

1 ] °°’("”B 8| sin(n+l) @jcos(n-1) Olsin(n=1) ¢
r A s:n::xooa @ | @. Em:% - _V'_;H:?P“ii
n = 3K+l "Cf:@ -5 % 0 2 A+ X
D = 3K+2 ° 5“‘“’0(_“{;'\3 -%-_;
rkm 0:S=n:Ksin ) {g @ ‘-% o i; (3 % 9
vewa Q| cEa] |-
n = 3Ke2 3* X '[;G 7 A

How to read Table Vb,

See Page 20,

17
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TADLE VIa)s r.‘hg(nO) £(26) «

i e e e e et mee e

cos(n+2) 6 | sin(n+2) 0| cos(n=2) 0 sin(n-e)g ;
: 9 20 ;
Fﬁmcosn o8 —%-0’\ Q‘Q _%q ag_g
Il=3K |
. _. Nch i
n = 3K+l %A-Hi 0 _;: ._3_ (% v
n = 3K+2 "‘%’q %A -[5;‘ _ﬂd‘ 0
A, sia n0 sin 2@
F n= 3K %e‘( '{{Q ’%Q -@\3
1
n = 3K+l -=§—i.-e( 0 -5 X é-\%
L
noE 3K z QQ g 4+ X 0

How t0 read Tabie VIa.

Sse Page 20.
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TABLE VIb): rgng(no) £(20)

cos(n-y-?} OI sin(n+2~)__0} ¢os(nei2) o|ein(n=2) @
cos n@ sin 20
e G| -po| 0| 1=
n =z 3K
‘n = 3K+l ’ ’-‘-‘*Q)\ [g:g %q
-
n = 3K+2 ng -%Q( o -g-A-O(
A sinn® {)
TETTTN W T -
n = 3K+l ° g.“d -qg ”%d*
n = 3K+2 !g@ -%"( ° th‘

How to read Tabls Vib.

Ses Pags 20.

i
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How to _read Tebles V anc Vi.

Compute o, (3 and A Lrom

é 5‘3‘2 -Al

Pay -‘313 -Al

A -Ai
X = (1/2)(0+ X)
Q= 0/2)e-2
[h, 6(6) = 4y 8(0) + 4, 2(9) + 1, &)
Consider a typical ryw
|cos (n+l) | 8in (n+l) | cos (nwl)| sin {n<d)]
Me@sws 5 T % ] 5% [ % |
Thea
rA! g(0) ooz 6 = hlcos(n-rl)e + bysin(ntl)e + bscoo(n-l)e

+ hhsin(nd)e

Por exgmple, from Table Va,
r'Ai coz 10 co8 8 = =(1/2) N eos (™+1)8 + (.ﬁ:/g)@gm (n+1)0

+ €03 (n=1)¢ = (3/2) A sin (2=1)0 .
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